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Automorphism groups of algebraic
curves with p-rank zero
M. GIULIETTI AND G. KORCHMA´ROS
Abstract. In positive characteristic, algebraic curves can have
many more automorphisms than expected from the classical Hur-
witz’s bound. There even exist algebraic curves of arbitrary high
genus g with more than 16g4 automorphisms. It has been observed
on many occasions that the most anomalous examples invariably have
zero p-rank. In this paper, the K-automorphism group Aut(X ) of a
zero 2-rank algebraic curve X defined over an algebraically closed
field K of characteristic 2 is investigated. The main result is that if
the curve has genus g ≥ 2 and |Aut(X )| > 24g2, then Aut(X ) has a
fixed point on X , apart from few exceptions. In the exceptional cases
the possibilities for Aut(X ) and g are determined.
1. Introduction
Let X be a (projective, geometrically irreducible, non-singular) alge-
braic curve defined over an algebraically closed groundfield K of charac-
teristic p ≥ 0. Let K(X ) be the field of rational functions (the function
field of one variable over K) of X . The K–automorphism group Aut(X )
of X is defined to be the automorphism group Aut(K(X )) consisting of
those automorphisms of K(X ) which fix each element of K.
By a classical result, Aut(X ) is finite if the genus g of X is at least
two, see [29, 16, 18, 17, 27].
It is known that every finite group occurs in this way, since for any
groundfield K and any finite group G, there exists X such that Aut(X ) ∼=
G, see Greenberg [6] for K = C and Madden and Valentini [22] for p ≥ 0,
see also Madan and Rosen [21] and Stichtenoth [32].
This raises a general problem for groups and curves: Determine the
finite groups that can be realized as the K-automorphism group of some
curve with a given invariant, such as genus g, p-rank (for p > 0) or
number of Fq-rational places (for K = F¯q), where Fq stands for the finite
field of order q.
Research supported by the Italian Ministry MURST, Strutture geometriche, com-
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In the present paper we deal with zero p-rank curves and their K–
automorphism groups. Interestingly, zero p-rank curves with large K–
automorphism groups are known to exist, see Roquette [28], Stichtenoth
[30, 31], Henn [9], Hansen and Petersen [8], Garcia, Stichtenoth and Xing
[2], C¸akc¸ak and O¨zbudak [1], Giulietti, Korchma´ros and Torres [5], Lehr
and Matignon [20], Giulietti and Korchma´ros [4]. Those for p = 2 are
the non-singular models of the plane curves listed below.
(I) v(Y 2 + Y +X2
k+1), a hyperelliptic curve of genus g = 2k−1 with
Aut(X ) fixing a point of X and |Aut(X )| = 22k+1(2k + 1);
(II) v(Y n + Y − Xn+1), the Hermitian curve of degree n + 1 with
Aut(X ) ∼= PGU(3, n), n a power of 2;
(III) v(Xn0(Xn+X)+Y n+Y ), the DLS curve (Deligne-Lusztig curve
of Suzuki type) of genus g = n0(n − 1) with Aut(X ) ∼= Sz(n)
where Sz(n) is the Suzuki group, n0 = 2
r, r ≥ 1, n = 2n20.
(IV) v(Y n
3+1 + (Xn +X)(
∑n
i=0(−1)
i+1X i(n−1))n+1), a curve of genus
g = 1
2
(n3 + 1)(n2 − 2) + 1 with Aut(X ) containing a subgroup
isomorphic to SU(3, n), n a power of 2.
The essential idea in our investigation is to deduce from the zero
p-rank condition the purely group theoretic property that every K–
automorphism of X of order p has exactly one fixed point. Then deeper
results from Group Theory can be used to determine the structure and
action of Aut(X ) on the set of points of X . This idea works well for
p = 2 and produces the following result.
Theorem 1.1. Let X be a zero 2-rank algebraic curve of genus g ≥ 2
defined over an algebraically closed groundfield K of characteristic 2. Let
G be a subgroup of Aut(X ) of even order. Let S be the subgroup generated
by all elements of G of order a power of 2. If no point of X is fixed by
G, then one of the following holds:
(a) S is isomorphic to one of the groups below:
(1) PSL(2, n), PSU(3, n), SU(3, n), Sz(n) with n = 2r ≥ 4;
(b) S = O(S)⋊S2, where O(S) is the largest normal subgroup of odd
order of S, and S2 is a Sylow 2-subgroup which is either a cyclic
group or a generalised quaternion group.
If G fixes a point of X then G = S2⋊H, with a Sylow subgroup S2 of G.
Theorem 1.1 is the essential tool in the present investigation on the
spectrum of the genera of zero 2-rank curves with large automorphism
groups. Our results are summarized below.
Let X be a zero 2-rank curve. If Aut(X ) is a solvable group and has
no fixed point on X , then |Aut(X )| ≤ 24g2, see Theorem 4.2.
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Assume that Aut(X ) is non-solvable. Then S coincides with the com-
mutator group Aut(X )′ of Aut(X ), see Theorem 5.1. The possible genera
of X can be computed from the order of Aut(X )′ provided that Aut(X )
is big enough, namely whenever both
(2) |Aut(X )P | is even and bigger than 3g for at least one point P ∈ X
and
(3) |Aut(X )′| ≥ 6(g − 1)
hold, see Theorem 6.1. Such possibilities for g are the following:
(i) Aut(X )′ = PSL(2, n) and g = 1
2
(t− 1)(n− 1) with t|(n+ 1).
(ii) Aut(X )′ = PSU(3, n) and either
g = 1
2
(n− 1)(t(n+ 1)2 − (n2 + n+ 1))
with t|(n2 − n+ 1)/µ, and µ = gcd(3, n+ 1), or
g = 1
2
(n− 1)
(
t(n3 + 1)
µ
− (n2 + n + 1)
)
,
with t | n+ 1; in the former case, t = 1 only occurs when X is as
in (II).
(iii) Aut(X )′ = Sz(n) and either
g = 1
2
[(t− 1)(n2 − 1)− 2tn0(n− 1)]
with t|(n + 2n0 + 1), or
g = 1
2
[(t− 1)(n2 − 1) + 2tn0(n− 1)]
with t|(n− 2n0 + 1); in the latter case t = 1 only occurs when X
is as in (III).
(iv) Aut(X )′ = SU(3, n) with 3|(n+ 1) and either
g = 1
2
(n− 1)[3t(n+ 1)2 − (n2 + n + 1)]
with t|(n2 − n+ 1)/3, or
g = 1
2
(n− 1)
(
t(n3 + 1)− (n2 + n + 1)
)
,
with t | (n + 1); in the former case t = n2 − n + 1 (equivalently,
in latter case t = n + 1) occurs when X is as in (IV).
Both technical conditions (2) and (3) are satisfied when Aut(X ) is large
enough, see Lemma 6.3. Therefore, the above results have the following
corollary.
Theorem 1.2. Let X be a zero 2-rank algebraic curve of genus g ≥
2 defined over an algebraically closed groundfield K of characteristic 2.
Assume that Aut(X ) fixes no point on X . If |Aut(X )| > 24g2, then
one of the above four cases (i)-(iv) occurs, and Aut(X ) contains a cyclic
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normal subgroup N of odd order such that the factor group Aut(X )/N
is isomorphic to one of the groups PSL(2, n), PSU(3, n), PGU(3, n) and
Sz(n).
For PSL(2, n) and Sz(n), the above central extension is splitting, see
Theorem 6.2. In any case, N coincides with the subgroup of Aut(X )
fixing point-wise the unique non-tame orbit of Aut(X ) on X .
It may be asked whether similar results for zero p-rank curves can hold
for odd p. Here we limit ourselves to extend the bound |G| ≤ 24g2 to
solvable K–automorphism groups |G| whose order is divisible for p2.
Surveys on K-automorphism groups of curves in positive characteristic
are found in [26] and [13].
2. Background
Aut(X ) has a faithful permutation representation on the set of all
points of X (equivalently on the set of all places of K(X )). The orbit
o(P ) = {Q | Q = P α, α ∈ G}
is long if |o(P )| = |G|, otherwise o(P ) is short and GP is non-trivial.
If G is a finite subgroup of Aut(X ), the subfield K(X )G consisting
of all elements of K(X ) fixed by every element in G, is also a function
field of one variable over K. Let Y be a non-singular model of K(X )G,
that is, a (projective, geometrically irreducible, non-singular) algebraic
curve defined over K with function field K(X )G. Usually, Y is called the
quotient curve of X by G and denoted by X /G. The covering X 7→ Y
has degree |G| and the field extension K(X )/K(X )G is Galois.
If P is a point of X , the stabiliser GP of P in G is the subgroup of G
consisting of all elements fixing P . For i = 0, 1, . . ., the i-th ramification
group G
(i)
P of X at P is
G
(i)
P = {α | ordP (α(t)− t) ≥ i+ 1, α ∈ GP},
where t is a uniformizing element of X at P . Here G
(0)
P = GP and G
(1)
P
is the unique Sylow p-subgroup of GP . If X /G
(1)
P is non-rational, then
|G
(1)
P | ≤ g, by a result due to Stichtenoth [30]. Also, GP = G
(1)
P ⋊ H
with H a cyclic group whose order is prime to p. Furthermore, for i ≥ 1,
G
(i)
P is a normal subgroup of GP and the factor group G
(i)
P /G
(i+1)
P is an
elementary abelian p-group. For i big enough, G
(i)
P is trivial.
For any point Q of X , let eQ = |GQ| and
dQ =
∑
i≥0
(|G
(i)
Q | − 1).
Then dQ ≥ eQ − 1 and equality holds if and only if gcd(p, |GQ|) = 1.
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Let g′ be the genus of X /G. From the Hurwitz genus formula,
(4) 2g − 2 = |G|(2g′ − 2) +
∑
Q∈X
dQ.
If G is tame, that is p ∤ |G|, or more generally for G with p ∤ eQ for
every Q ∈ X , Equation (4) is simpler and may be written as
(5) 2g − 2 = |G|(2g′ − 2) +
k∑
i=1
(|G| − ℓi)
where ℓ1, . . . , ℓk are the sizes of the short orbits of G on X .
Let GP = G
(1)
P ⋊H . The following upper bound on |H| depending on
g is due to Stichtenoth [30]:
|H| ≤ 4g + 2.
For any abelian subgroup G of Aut(X ), Nakajima [25] proved that
|G| ≤
{
4g + 4 for p 6= 2,
4g + 2 for p = 2.
An equation similar to (5) holds for any p-group S ofK–automorphisms
of X whenever the genus g is replaced by the p-rank. Recall that the
p-rank γ of a curve is its Hasse-Witt invariant and that 0 ≤ γ ≤ g. The
elementary abelian subgroup Pic0(X , p) of elements of order p in the zero
divisor class group Pic0(X ) has dimension γ, that is, Pic0(X , p) ∼= (Zp)
γ.
If γ′ denotes the p-rank of X /S, the Deuring-Shafarevich formula is
(6) γ − 1 = |S|(γ′ − 1) +
k∑
i=1
(|S| − ℓi)
where ℓ1, . . . , ℓk are the short orbits of S on X . Upper bounds on |S|
depending on γ are found in [24, 25].
Let m be the smallest non-gap at P , and suppose that ξ ∈ K(X )
has a pole of order m at P and is regular elsewhere. If g ∈ GP , then
g(ξ) = cξ + d with c, d ∈ K and c 6= 0.
Let L be the projective line over K. Then Aut(L) ∼= PGL(2,K),
and Aut(L) acts on the set of all points of L as PGL(2,K) naturally
on PG(1,K). In particular, the identity of Aut(L) is the only K–
automorphism in Aut(L) fixing at least three points of L. Every K–
automorphism α ∈ Aut(L) fixes a point; more precisely, α fixes either
one or two points according as its order is p or relatively prime to p.
Also, G
(1)
P is an infinite elementary abelian p-group. For a classification
of subgroups of PGL(2,K), see [35].
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Let E be an elliptic curve. Then Aut(E) is infinite; however for any
point P ∈ E the stabiliser of P is rather small, namely
|Aut(E)P | =


2, 4, 6 when p 6= 2, 3,
2, 4, 6, 12 when p = 3,
2, 4, 6, 8, 12, 24 when p = 2.
Let F be a (hyperelliptic) curve of genus 2 having more than one
Weierstrass point. For any solvable subgroup G of Aut(F), Nakajima’s
bound together with some elementary facts on finite permutation groups,
yield |G| ≤ 48.
From finite group theory, the following results play a role in the proofs.
Huppert’s classification theorem, see [15], Chapter XII, Section 7: Let
G be a solvable 2-transitive permutation group of degree n. Then n is
a power of some prime p, and G is a subgroup of the affine semi-linear
group AΓL(1, n), except possibly when n is 32, 52, 72, 112, 232 or 34.
The Kantor-O’Nan-Seitz theorem, see [19]: Let G be a 2-transitive
permutation group of odd degree. If the 2-point stabiliser of G is cyclic,
then G has either an elementary abelian regular normal subgroup, or
G is one of the following groups in its natural 2-transitive permutation
representation:
PSL(2, n), PSU(3, n), PGU(3, n), Sz(n),
where n ≥ 4 is a power of 2.
The natural 2-transitive permutation representations of the above linear
groups:
(A) G = PSL(2, n), is the K–automorphism group of PG(1, n); equiv-
alently, G acts on the set Ω of all Fn-rational points of the pro-
jective line defined over Fn.
(B) G = PGU(3, n) is the linear collineation group preserving the
classical unital in the projective plane PG(2, n2), see [12]; equiv-
alently G is the K–automorphism group of the Hermitian curve
regarded as a plane non-singular curve defined over the finite
field Fn acting on the set Ω of all Fn2-rational points, see (II). For
n ≡ 0, 1 (mod 3), PSU(3, n) = PGU(3, n). For n ≡ −1 (mod 3),
PSU(3, n) is a subgroup of PGU(3, n) of index 3, and this is the
natural 2-transitive representation of PSU(3, n).
(C) G = Sz(n) with n = 2n20, n0 = 2
r and r ≥ 1, is the linear
collineation group of PG(3, n) preserving the Tits ovoid, see [33,
34, 11]; equivalently G is the K–automorphism group of the DLS
curve regarded as a non-singular curve defined over the finite field
Fn acting on the set Ω of all Fn-rational points, see (III).
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For each of the above linear groups, the structure of the 1-point stabi-
lizer and its action in the natural 2-transitive permutation representation,
as well as its K–automorphism group, are explicitly given in the papers
quoted. In this paper, we will need the following corollary.
Lemma 2.1. Let n be a power of 2 and n ≥ 4. Let L be any of the groups
PSL(2, n), PSU(3, n), Sz(n) given in its natural 2-transitive permutation
representation on a set Ω. Let G¯ be a subgroup of Aut(L) containing L
properly, and choose a point P ∈ Ω. If the Sylow 2-subgroup of G¯P prop-
erly contains the Sylow 2-subgroup of LP , then some non-trivial element
of order 2 contained in G¯P \ LP fixes a point other than P . Otherwise,
either G¯P contains a non-cyclic subgroup of odd order, or L = PSU(3, n)
and G¯ = PGU(3, n) with 3|(n+ 1).
Cyclic fix-point-free subgroups of some 2-transitive groups. The follow-
ing lemma is a corollary of the classification of subgroups of PSU(3, n)
and Sz(n).
Lemma 2.2. Let G be a 2-transitive permutation group of degree n. Let
U be a cyclic subgroup of G which contains no non-trivial element fixing
a point.
(i) If G = PSU(3, n) in its natural 2-transitive permutation repre-
sentation, then |U | divides either n + 1 or (n2 − n + 1)/µ, with
µ = gcd(3, n+ 1).
(ii) If G = Sz(n) in its natural 2-transitive permutation representa-
tion, then |U | divides either n− 2n0 + 1 or n+ 2n0 + 1.
3. K–automorphism groups of curves with p–rank zero
In this section, subgroups of Aut(X ) whose order is divisible by p and
in which
(7) every element of order p has exactly one fixed point
are investigated. In terms of ramification, (7) means that for every α ∈ G
of order p the covering X 7→ X /〈α〉 ramifies at exactly one point.
Remark 3.1. A suitable power β of any non-trivial element α of a p-
group has order p. Also, every fixed point of α is fixed by β as well.
Since G
(1)
P is a p-group, it is a subgroup of a Sylow p-subgroup Sp of G.
Choose a non-trivial element ζ from the centre of Sp. Then ζ commutes
with a non-trivial element of G
(1)
P . This together with (7) imply that ζ
fixes P . Therefore, ζ ∈ G
(1)
P . In particular, ζ fixes no point of X distinct
from P . Let α ∈ Sp. Then ζα = αζ implies that
(P α)ζ = P αζ = P ζα = (P ζ)α = P α
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whence P α = P . This shows that every element of Sp must fix P , and
hence Sp = G
(1)
P . Since the Sylow p-subgroups of G are conjugate under
G, every p-element fixes exactly one point of X .
Therefore, condition (7) is satisfied by a subgroup G of Aut(X ) if and
only if every p-element in G has exactly one fixed point. Further, the
non-trivial elements of a Sylow p-subgroup Sp of a K-automorphism G
of Aut(X ) satisfying (7) have the same fixed point.
Property (7) is known to occur in several circumstances, for instance in
[30], Satz 1, see also [20] and [3]. Another such circumstance is described
in the following two lemmas.
Lemma 3.2. If X has p-rank 0, then (7) holds in Aut(X ).
Proof. Let α ∈ Aut(X ) have order p. Applying the Deuring–Shafarevich
formula (6) to the group generated by α gives −1 = p(γ′−1)+m(p−1),
where γ′ is the p-rank of K(X )α and m is the number of fixed points of
α. This is only possible when γ′ = 0 and m = 1. 
The converse of Lemma 3.2 is not true in general, a counterexample
for p = 2 being the non-singular model of the irreducible curve
F : v(Y 6 + Y 5 + Y 4 + Y 3 + Y 2 + Y + 1 +X3(Y 2 + Y )).
The 2-rank of such a curve X is equal to 4, while the birational transfor-
mation x′ = x, y′ = y + 1 is a K–automorphism of K(X ) which has only
one fixed point, namely that arising from the unique branch of F tan-
gent to the infinite line. A partial converse of Lemma 3.2 is the following
result.
Lemma 3.3. Assume that Aut(X ) contains a p-subgroup G. If Y = X /G
has p-rank zero, and (7) holds, then X has p-rank zero, as well.
Proof. Let P be the fixed point of G. Since γ′ = 0, (6) applied to G gives
γ − 1 = −|G|+ |G| − 1, whence γ = 0. 
Suppose that a subgroup G of Aut(X ) has a Sylow p-subgroup with
property (7). Then (7) is satisfied by all Sylow p-subgroups of G. Sup-
pose further that G has no normal Sylow p-subgroup. Let Sp and S
′
p
two distinct Sylow p-subgroups of G. By Remark 3.1, Sp and S
′
p each
have exactly one fixed point, say P and P ′. Also, Sp is the unique Sylow
p-subgroup of the stabiliser of P under G, and GP = Sp ⋊ H . Fur-
ther, P 6= P ′; for, if P = P ′, then Sp and S
′
p are two distinct Sylow
p-subgroups in GP . However, this is impossible as Sp is a normal sub-
group of GP . Therefore, any two distinct Sylow p-subgroups in G have
trivial intersection.
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A subgroup V of a group G is a trivial intersection set if, for every
g ∈ G, either V = g−1V g or V ∩ g−1V g = {1}. A Sylow p-subgroup T of
G is a trivial intersection set in G if and only if that T meets every other
Sylow p-subgroup of G trivially. Hence, Lemma 3.2 has the following
corollary.
Theorem 3.4. If X has p-rank 0, then every Sylow p-subgroup Sp in
Aut(X ) is a trivial intersection set.
A classical result on trivial intersection sets is the following.
Theorem 3.5. (Burnside) If a Sylow p-subgroup Sp of a finite solvable
group is a trivial intersection set, then either Sp is normal or cyclic, or
p = 2 and S2 is a generalised quaternion group.
For a proof, see [7].
Finite groups whose Sylow 2-subgroups are trivial intersection sets
have been classified. This has been refined to groups containing a sub-
group of even order which intersects each of its distinct conjugates triv-
ially.
Theorem 3.6. (Hering [10]) Let V be a subgroup of a finite group G
with trivial normaliser intersection; that is, the normaliser NG(V ) of V
in G has the following two properties:
(a) V ∩ x−1V x = {1} for all x ∈ G \NG(V );
(b) NG(V ) 6= G.
If |V | is even and S is the normal closure of V in G, then the following
hold.
(i) S = O(S) ⋊ V, the semi-direct product of O(S) by V, with V
a Frobenius complement, unless S is isomorphic to one of the
groups,
(8) PSL(2, n), Sz(n), PSU(3, n), SU(3, n),
where n is a power of 2.
(ii) Let G¯ be the permutation group induced by G on the set Ω of all
conjugates of V under G. Then
ii(a) CG(S) is the kernel of this representation;
ii(b) S is transitive on Ω;
(c) |Ω| is odd;
ii(d) in the exceptional cases,
(1) |Ω| = n+ 1, n2 + 1, n3 + 1, n3 + 1;
(2) G¯ = G/CG(S) contains a normal subgroup L isomor-
phic to one of the groups PSL(2, n), Sz(n), PSU(3, n),
acting in its natural 2-transitive permutation represen-
tation;
10 M. GIULIETTI AND G. KORCHMA´ROS
(3) G¯ is isomorphic to an automorphism group of L con-
taining L.
Hering’s result does not extend to subgroups of odd order with trivial
normal intersection. A major result which can be viewed as a generali-
sation of Theorem 3.5 is found in [36].
Theorem 3.7. Let Sd, with d > 11, be a Sylow d-subgroup of a finite
group G that is a trivial intersection set but not a normal subgroup. Then
Sd is cyclic if and only if G has no composition factors isomorphic to
either PSL(2, dn) with n > 1 or PSU(3, dm) with m ≥ 1.
Now, some consequences of the above results are stated.
Let p = 2. If (7) is satisfied by a subgroup G of Aut(X ), then Theorem
3.6 applies to G where V is a Sylow 2-subgroup S2 of G (or any non-
trivial subgroup of S2). In fact, (a) is true, while (b) holds provided that
G is larger than GP , where P is the fixed point of S2.
When GP = G, then G = G
(1)
P ⋊H with p ∤ |H|. Otherwise, G has no
fixed point, and Hering’s theorem determines the abstract structure of
the normal subgroup S of G generated by all elements whose order is a
power of 2. Note that, since S2 has only one fixed point, NG(S2) = GP
holds. If S = O(S)⋊ S2, then S2 is a Frobenius complement, and hence
it has a unique involutory element. Note that it is not claimed that S is
a Frobenius group. In the exceptional cases, if CG(S) is the centraliser
of S in G, then G/CG(S) is an automorphism group of a group listed in
Hering’s theorem.
Therefore, the following result is obtained which together with Lemma
3.2 imply Theorem 1.1.
Theorem 3.8. Let p = 2 and assume that (7) holds. Let S be the
subgroup G of Aut(X ) of even order, generated by all elements whose
order is a power of 2. One of the following holds:
(a) S isomorphic to one of the following groups:
(9) PSL(2, n), Sz(n), PSU(3, n), SU(3, n), with n = 2r ≥ 4;
(b) S = O(S)⋊S2 with S2 a Sylow 2-subgroup of G; here, S2 is either
a cyclic group or a generalised quaternion group.
(c) S is a Sylow 2-subgroup and G = S ⋊ H, with H a subgroup of
odd order.
Using Theorem 3.6, the action of S on the set Ω of all points of X fixed
by some involution or, equivalently, on the set consisting of all involutions
in G can be investigated. Let S¯ be the permutation group induced by
S on Ω. If M is the kernel of the permutation representation of S, then
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|M | is odd, S¯ = S/M , and S¯2 = S2M/M is a Sylow 2-subgroup of S¯.
Here, S¯ is transitive on Ω; also, S¯2 fixes P and acts on Ω \ {P} as a
semi-regular permutation group. Further, the kernel of the permutation
representation of G on Ω is N = CG(S). If S is isomorphic to one of the
groups in (9), then S¯ is 2-transitive on Ω, and |Ω| = n+1, n2+1, n3+1
according as S¯ ∼= PSL(2, n), Sz(n), PSU(3, n).
4. Upper bound on the orders of solvable subgroups of
K–automorphism groups of p–rank zero curves
Theorem 4.1. Suppose p > 2 and let G be a solvable subgroup of Aut(X )
satisfying condition (7). Assume that G fixes no point, and that
(10) |G| is divisible by p2.
If X has genus g ≥ 2, then |G| ≤ 24g(g − 1).
Proof. Since p is odd, X has more than one Weierstrass points. So, if
g = 2, then |G| ≤ 48 and hence Theorem 4.1 is true.
Let N be a minimal normal subgroup of G. Since G is solvable, N is
an elementary abelian group of order dr with a prime d. If d = p, then
(7) implies that N fixes a unique point P . But then G itself must fix P ,
contradicting one of the hypotheses. So, p 6= d. Theorem 3.5 yields that
the Sylow p-subgroups of G are cyclic. As d 6= p, the Sylow p-subgroups
of G and G/N are isomorphic, while (10) remains valid for G/N .
This suggests that G¯ = G/N , viewed as a subgroup of Aut(Y) with
Y = X /G, should be investigated. The aim is to show that G¯ also
satisfies (7).
The point P¯ ∈ Y lying below P is fixed by a Sylow p-subgroup of G¯.
Since G/N can be viewed as a subgroup Aut(Y), this and (10) rule out
the possibility that Y is elliptic. Similarly, Y cannot be rational. In fact,
if Y were rational, then no p-subgroup of G/N and hence of G would be
a cyclic group of order pi with i ≥ 2, contradicting Theorem 3.5.
Therefore, Y has genus g¯ ≥ 2. Assume that Theorem 4.1 does not
hold, and choose a minimal counterexample with genus g as small as
possible. Then |G| > 24g(g− 1), but Theorem 4.1 holds for all genera g′
with 2 ≤ g′ < g. (4) applied to N gives 2g − 2 ≥ |N |(2g¯ − 2), whence
|G| > 12g(2g − 2) ≥ |N | 12g(2g¯ − 2).
Therefore |G/N | > 24g¯(g¯ − 1). By the divisibility condition (10) on |G|,
the order of G¯ = G/N is not a prime. Hence G¯ is a solvable group. Since
d 6= p, so G¯ satisfies (10). On the other hand, G¯ can be regarded as a
subgroup of Aut(Y).
To show that G¯ also satisfies condition (7), let α¯ be any element of G¯
of order p. Choose an element α in G whose image is α¯ under the natural
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homomorphism G 7→ G/N . By (7), X has a unique point P fixed by α.
Then, α¯ fixes the point P¯ lying under P in the covering X → Y .
Assume on the contrary that α¯ fixes another point of Y , say Q¯. Then
the set of points of Y lying over Q¯ is preserved by α. The number of such
points is prime to p since their number divides |N |. But then α must fix
one of these points, contradicting (7).
Since G is a minimal counterexample, G¯ fixes a point of Y . Equiva-
lently, an orbit of N is preserved by G. Such an orbit consists of points
of X fixed by p-elements of G. Since any Sylow p-subgroup Sp of G has
only one fixed point, so |Sp| ≤ |N | − 1. This together with (10) implies
that |N | ≥ 10. As g − 1 ≥ |N |(g¯ − 1), it follows that g ≥ 11.
Note that |G¯| = |G¯P¯ | = |G¯
(1)
P¯
| |H¯|, with H¯ a cyclic group of order
prime to p. By Stichtenoth’s bound, |H¯| ≤ 4g¯ + 2. Let S¯p be the Sylow
p-subgroup of G¯; then S¯p = G¯
(1)
P¯
. Since p ∤ |N |, so S¯p is isomorphic to
Sp.
By Theorem 3.5, Sp is cyclic. By Nakajima’s bound, |G¯
(1)
P¯
| ≤ 4g¯ + 4.
Therefore,
|G¯| ≤ (4g¯ + 4)(4g¯ + 2),
whence |G| ≤ (4g¯ + 4)(4g¯ + 2)|N |. Since g − 1 ≥ |N |(g¯ − 1), g¯ ≥ 2 and
|N | ≥ 10, it follows that
|G| ≤ 16(g¯ + 1)(g¯ + 1
2
)|N |
≤
16
10
·
g¯ + 1
g¯ − 1
(g¯ − 1)|N | ·
g¯ + 1
2
g¯ − 1
(g¯ − 1)|N |
≤
8
5
·
2g¯2 + 3g¯ + 1
2(g¯ − 1)2
(g − 1)2
≤ 12(g − 1)2 < 24g(g − 1).
But then G is not a counterexample. 
Under the hypothesis that 16 divides |G|, the above proof with some
modifications also works for p = 2. Here an alternative proof is given for
p = 2 which does not require that hypothesis.
Theorem 4.2. Let p = 2, g ≥ 2, and assume that (7) holds. If G is a
solvable subgroup of Aut(X ) fixing no point of X then |G| ≤ 24g2.
Proof. Since 84(g−1) < 24g2, the group G may be supposed to be one of
the exceptions in [30], Satz 3. Since G has no fixed point, from Theorem
3.8, S = O(S)⋊ S2, and O(S) acts transitively on the set Ω consisting
of all points fixed by involutory elements in G. In particular, Ω is the
unique non-tame orbit of G. Let P ∈ Ω. By assumption (7), G
(1)
P is a
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Sylow 2-subgroup S2 of G. From |O(S)| = |Ω||O(S)P |, it follows
(11) |G| =
|GP ||O(S)|
|O(S)P |
.
In particular, Ω has odd size. As O(S) is transitive on Ω and NG(S2) =
GP , each element in G is the product of an element fixing P and an ele-
ment from O(S), that is, G = GPO(S). Also, as O(S) is a characteristic
subgroup of S and S E G, so O(S) E G. Hence G¯ = G/O(S) is a factor
group which can be viewed as a subgroup of Aut (Y) where Y = X /O(S).
Assume that Y is rational. Then every 2-subgroup of G¯ is elementary
abelian. On the other hand, as S2 ∼= S2O(S)/O(S), from Theorem 3.5
the factor group S2O(S)/O(S) has only one involutory element. Thus,
|S2O(S)/O(S)| = 2, whence |S2| = 2. This implies that G = O(G)⋊ S2.
Hence
|G| = 2|O(G)| ≤ 168(g − 1) ≤ 24g2
for g ≥ 6.
To show that this holds true for 2 ≤ g ≤ 5, some results from [30]
are needed, see the proof of Theorem 3: If G has more than three short
orbits, then |G| ≤ 12(g−1) < 24g2. Since S2 has exactly one fixed point,
it preserves only one orbit of O(G). Therefore, either O(G) (and hence
G) has only one short orbit, or G has 2 tame orbits and 1 wild orbit.
Since p = 2, in the latter case |G| ≤ 84(g − 1) as it follows from another
result shown in the proof of the above mentioned Theorem 3. Therefore,
|G| < 24g2.
Assume that Ω is the unique short orbit of G. Then |Ω| divides 2g−2.
Therefore,
|G| ≤ |Ω||GP | ≤ (2g − 2)|S2||H| ≤ (4g − 4)|H|,
where H is the complement of S2 in GP . Then Stichtenoth’s bound
|H| ≤ 4g + 2 yields |G| < 24g2.
Assume that Y is elliptic. From (5),
2g − 2 = |O(S)|
k∑
i=1
(
|O(S)Pi| − 1
|O(S)Pi|
)
,
where P1, . . . , Pk are representatives of the short orbits of O(S). Note
that k ≥ 1, as otherwise g = 1. Hence, |O(S)| < 4(g − 1). As
GPO(S)/O(S) fixes a point of Y , it follows that |G| = |GPO(S)| ≤
24|O(S)| ≤ 96(g − 1) ≤ 24g2.
We are left with the case that the genus of the quotient curve Y =
X /O(S) is greater than 1. From (5), |O(S)| ≤ g − 1. Hence, by (11),
|G| ≤ (g − 1)|GP |.
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Assume that the quotient curve Z = X /S2 has genus g
′ > 1. Then
|S2|(g
′ − 1) < g − 1 by (4). Since GP/S2 is a tame subgroup of Aut(Z)
fixing the point of Z lying under P , from Stichtenoth’s bound, |GP/S2| ≤
4g′ + 2. Hence,
|GP | <
4g′ + 2
g′ − 1
(g′ − 1)|S2| ≤ 10(g − 1).
Since |Ω| ≤ |O(S)| ≤ g − 1, this implies that |G| < 10(g − 1)2 < 24g2.
If Z is elliptic, then |GP/S2| ≤ 24, while |S2| ≤ g by Stichtenoth’s
bound. Therefore, |G| ≤ 24g(g − 1) < 24g2.
So, take Z to be rational. Let R ∈ Ω be a point distinct from P . If
the stabiliser GP,R of R in GP is trivial, then |GP | < |Ω|, and hence
|G| = |GP ||Ω| < |Ω|
2 ≤ |O(S)|2 ≤ (g − 1)2.
Therefore, let |GP,R| > 1 for every R ∈ Ω. We show that G acts on Ω as
a 2-transitive permutation group G¯.
Let Ω0 = {P},Ω1, . . .Ωr with r ≥ 1 denote the orbits of S2 contained
in Ω. Then, Ω =
⋃r
i=0Ωi. To prove that G acts 2-transitively on Ω, it
suffices to show that r = 1. For any i with 1 ≤ i ≤ r, take a point R ∈ Ωi.
By hypothesis, R is fixed by an element α ∈ GP whose order m is a prime
different from p. Since |GP | = |S2||H| and m divides |GP |, this implies
that m must divide |H|. By the Sylow theorem, there is a subgroup H ′
conjugate to H in GP which contains α; here, α preserves Ωi. Since the
quotient curve Z is rational, α fixes at most two orbits of S2. Therefore,
Ω0 and Ωi are the orbits preserved by α. As H
′ is abelian and α ∈ H ′,
this yields that H ′ either preserves both Ω0 and Ωi or interchanges them.
The latter case cannot actually occur as H ′ preserves Ω0. So, the orbits
Ω0 and Ωi are also the only orbits of S2 which are fixed by H
′. Since
GP = S2⋊H
′, this implies that the whole group GP fixes Ωi. As i can be
any integer between 1 and r, it follows that GP fixes each of the orbits
Ω0,Ω1, . . . ,Ωr. Hence, either r = 1 or GP preserves at least three orbits
of S2. The latter case cannot actually occur, as the quotient curve Z is
rational. Therefore r = 1. Also, the size of Ω is of the form q + 1 with
q = S2; in particular, q is a power of 2, and Ω comprises P together with
all points in the unique non-trivial orbit of S2.
The latter assertion implies that |Ω| = |S2| + 1 = q + 1, q = 2
r. Let
G¯ denote the 2-transitive permutation group induced by G on Ω. As
G is solvable, G¯ admits an elementary abelian w-group acting on Ω as
a sharply transitive permutation group. Hence, |Ω| = wk with an odd
prime w. From q+1 = wk, either k = 1, or k = 2, q = 8, w = 3, see [23].
Let M be the kernel of the permutation representation of G on Ω.
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It may be that M is trivial, that is G = G¯, and this possibility is
investigated first. Assume that k = 1. Then G = AGL(1, w) and G is
sharply 2-transitive on Ω. Let N be the normal subgroup of G of order
w. If the quotient curve U = X /N has genus g′ ≥ 2, then
2g − 2 ≥ w(2g′ − 2) ≥ 2w,
and hence
|G| = |Ω|(|Ω| − 1) = w(w − 1) ≤ (g − 1)(g − 2) < 24g2.
If U is elliptic, then |S2| is either 2, or 4, or 8. The last case cannot
occur because 9 is not a prime number. If |S2| = 2, then w = 3, and
hence |G| = 6, while |S2| = 4 occurs when w = 5 and hence |G| = 20.
If U is rational, then S2, viewed as a subgroup of Aut(U) must be an
elementary abelian group. On the other hand, S2 is the 1-point stabiliser
of AGL(1, w) which is cyclic. It follows that |S2| = 2. Therefore, |o| = 3,
whence |G| = 6.
If k = 2, w = 3, q = 8, then G has an elementary abelian normal
subgroup N of order 9. Since G is a subgroup of the normalizer of N , it
follows that GP is a subgroup of GL(2, 3) whose order is divisible by eight
but not by sixteen. Since |GL(2, 3)| = 48, either |GP | = 8, or |GP | = 24.
In the former case, |G| = 72 and hence |G| < 24g2. In the latter case,
|G| = 216, which is greater than 24g2 only for g = 2. But this does not
actually occur, as X has more than one Weierstrass -point and hence the
assertion holds for g = 2.
Suppose M is non-trivial. Then M is cyclic of odd order. Let U be
the quotient curve X /M . Then G¯ = G/M can be viewed as a subgroup
of Aut(U). The Sylow 2-subgroup S¯2 = S2M/M of G¯ is isomorphic to
S2. Arguing as in the proof of Theorem 4.1 shows that G¯ has property
(7).
From above, if the genus g¯ of U is at least 2, then |G¯| ≤ 24g¯2; in
consequence, |G| ≤ 24|M |g¯2. Since |Ω| ≥ 3, from (5),
2g − 2 ≥ |M |(2g¯ − 2) + 3(|M | − 1) ≥ 2|M |g¯ − 2.
This shows that |G| ≤ 24gg¯ < 24g2.
If U is elliptic, then G/M has order at most 24 and the assertion
holds for |M | = 3. Furthermore, S2 ∼= S2M/M consists of at most
8 elements. Assume that |M | > 3. Then |S2| ≤ 2(|M | − 1). From
2g − 2 ≥ (|M | − 1)|Ω|,
| G |= |GP ||Ω| ≤ |S2|(4g+2)|Ω| = 2(4g+2)(|M |−1)|Ω| ≤ 4(g−1)(4g+2)
which is smaller than 24g2.
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Finally, if U is rational, then |S2| = 2, and the argument above gives
|G| ≤ |S2|(4g + 2)(|S2|+ 1) ≤ 6(4g + 2) < 24g
2.

5. Large simple K–automorphism groups of p–rank zero
curves
Throughout this and the next sections, the hypotheses of Theorem 1.1
are assumed, and notation as used in Sections 1, 2 and 3 is maintained.
Our purpose is to prove the following result.
Theorem 5.1. The possibilities in Theorem 1.1 are the following.
(a) S fixes a point of X .
(b) S is solvable and |S| ≤ 24g2.
(c) S ∼= PSL(2, n) and if both |S| > 6(g − 1) and (2) hold, then
g = 1
2
(t− 1)(n− 1) with t|(n+ 1).
(d) S ∼= PSU(3, n) and if both |S| > 6(g − 1) and (2) hold, then
either
g = 1
2
(n− 1)(t(n+ 1)2 − (n2 + n+ 1))
with t|(n2 − n + 1)/µ, or
g = 1
2
(n− 1)
(
t(n3 + 1)
µ
− (n2 + n + 1)
)
,
with t | (n+ 1). In the former case, if t = 1 then X is as in (II).
(e) S ∼= SU(3, n) with 3|(n+ 1) and if both |S| > 6(g − 1) and (2)
hold, then either
g = 1
2
(n− 1)[3t(n+ 1)2 − (n2 + n + 1)]
with t|(n2 − n + 1)/3, or
g = 1
2
(n− 1)
(
t(n3 + 1)− (n2 + n + 1)
)
,
with t | (n+ 1).
(f) S ∼= Sz(n) and if both |S| > 6(g − 1) and (2) hold, then either
g = 1
2
[(t− 1)(n2 − 1)− 2tn0(n− 1)]
with t|(n+ 2n0 + 1), or
g = 1
2
[(t− 1)(n2 − 1) + 2tn0(n− 1)]
with t|(n − 2n0 + 1); if t = 1 in the latter case then X is as in
(III).
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For the purpose of the proof, S may be assumed to be one of the four
groups in (1). From the discussion at the end of Section 3, S has exactly
one non-tame orbit, namely Ω, on which S acts as one of the groups
PSL(2, q), PSU(3, n) and Sz(n) in its natural 2-transitive permutation
representation. In particular, every complement H of S
(1)
P in SP has just
one more fixed point in Ω.
Before investigating such cases separately, we prove a few lemmas.
Lemma 5.2. Let P ∈ Ω. Assume that |S| > 6(g− 1). If X1 = X /S
(1)
P is
rational, then S has exactly two short orbits, namely Ω and a tame orbit
∆.
Proof. By an argument going back to Hurwitz and adapted for any
groundfield by Stichtenoth [30], the hypothesis |S| > 6(g − 1) implies
that S has at most one tame orbit. On the other hand, assume that Ω
is the unique short orbit of S. Since X1 is rational, from (4) and (7),
(12) 2g− 2+ 2|S
(1)
P | = 2|S
(1)
P | − 2+ |S
(2)
P | − 1+ . . . = dP − |SP |+ |S
(1)
P |.
Therefore,
(13) dP = 2g − 2 + |S
(1)
P |+ |SP |.
Also, from (4),
(14) 2g − 2 = −2|S|+ degD(X /S) = |Ω| (dP − 2|SP |).
Hence |Ω|(|SP | − |S
(1)
P |) = (|Ω| − 1)(2g − 2). Since S acts on Ω as one
of the groups PSL(2, q), PSU(3, n) and Sz(n) in its natural 2-transitive
permutation representation, |Ω| = |S
(1)
P |+ 1 holds. Thus, |Ω|(|H| − 1) =
2g − 2 for a complement H of S
(1)
P in SP . From this |Ω|
2|H|2 < 16g2.
Therefore,
|S| = |S
(1)
P ||H||Ω| = (|Ω| − 1)|H||Ω| < 16g
2,
a contradiction. 
Lemma 5.3. If (2) holds then X1 = X /S
(1)
P is rational.
Proof. Assume on the contrary that the genus g′ of X1 is positive. From
(4) applied to S
(1)
P ,
(15) g ≥ g′ |S
(1)
P |.
Take a complement D of S
(1)
P in Aut(X )P . D acts faithfully on X1 as a
subgroup of Aut(X1). Furthermore, D has at least two fixed points, as
S is one of the groups in (1), namely the points P¯ and Q¯ lying under P
and a point Q ∈ Ω\ {P} in the covering X 7→ X1. Let g
′′ be the genus of
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the quotient curve Z = X1/D of X1 with respect to D. From (5) applied
to D,
2g′ − 2 ≥ |D|(2g′′ − 2) + 2(|D| − 1).
If g′′ ≥ 1, this yields g′ ≥ |D| whence g ≥ |Aut(X )P | by (15). Assume
that g′′ = 0. From (5),
2g′ =
k∑
i=1
(|D| − ℓi)
with ℓ1, . . . , ℓk being the sizes of the short orbits of D on X1, other than
the two trivial ones {P¯} and {Q¯}. Since |D| is odd, because p = 2, each
such short orbit has length at most 1
3
|D|. From this, g′ ≥ 1
3
|D| whence
g ≥ 1
3
|Aut(X )P | by (15). But this contradicts (2). 
Lemma 5.4. Assume that |S| > 6(g− 1) and that X1 = X /S
(1)
P is ratio-
nal. Let Q ∈ ∆. Then the subgroups SP and SQ have trivial intersection,
and SQ is a cyclic group whose order divides q + 1. Also,
(16) 2g − 2 =
|S| (|SP | − |S
(1)
P | |SQ|)
|SQ|(|S| − |SP |)
Proof. Let α ∈ SP ∩ SQ be non-trivial. Then p ∤ ordα, and hence α is
in a complement H of S
(1)
P . Therefore, α fixes not only P but another
point in Ω, say R. Since Q 6∈ Ω, this shows that α has at least three
fixed points. These points are in three different orbits of S
(1)
P . Since the
quotient curve X1 = X /S
(1)
P is rational, this implies that α is trivial, a
contradiction. Hence |SP ∩ SQ| = 1. Therefore, no non-trivial element
of SQ fixes a point in Ω. Since |Ω| = q + 1, the second assertion follows.
Let
(17) η = |SQ|(dP − |SP |)− |SP |.
Then
(18) |S| = 2(g − 1)
|S
(1)
P ||H||SQ|
η
,
where H is a complement of S
(1)
P in SP . Substituting dP from (13) into
(17) and then this into (18) gives (16). 
5.1. Case S ∼= PSL(2, q). In this case n = q and
|S| = q3 − q, |SP | = q(q − 1), |S
(1)
P | = q.
By Lemma 5.3, if (2) holds then X1 is rational. Lemma 5.4 implies that
|SQ| divides q + 1. Let |SQ| = (q + 1)/t with t|(q + 1). Equation (16)
gives 2g = (t− 1)(q − 1).
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5.2. Case S ∼= PSU(3, n). In this case, q = n3 and
|S| = (n3 + 1)n3(n2 − 1)/µ, |SP | = n
3(n2 − 1)/µ, |S
(1)
P | = n
3,
Also, by Lemma 5.3, (2) implies that X1 is rational. By Lemmas 2.2
and 5.4, two cases are to be discussed, according as |SQ| divides either
(n2 − n+ 1)/µ, or n + 1. By (16),
2g =
(n3 + 1)(n2 − 1)
µ|SQ|
− (n3 − 1).
If |SQ| = (n
2 − n + 1)/(tµ), then
(19) 2g = (n− 1)(t(n+ 1)2 − (n2 + n+ 1)).
If t = 1, then g = 1
2
n(n − 1). Therefore, t = 1 only occurs when (II)
holds.
If |SQ| = (n+ 1)/t, then
2g = (n− 1)
[
(n3 + 1)t
µ
− (n2 + n+ 1)
]
.
5.3. Case S ∼= SU(3, n) with 3|(n+1). Let Y = X /Z(S) be the quotient
curve of X with respect to the centre Z(S) of S. By Lemma 5.4, the
points in Ω are the fixed points of the non-trivial elements in Z(S). The
group S¯ = S/Z(S) ∼= PSU(3, n) can be viewed as a subgroup of Aut(Y).
Since |Z(S)| = 3, from (5)
2g − 2 = 3(2g¯ − 2) + 2(n3 + 1)
where g¯ is the genus of Y . From this, if (2) holds, then |Aut(Y)P¯ | is
even and bigger than 3g¯ for the point P¯ lying under P in the covering
X → Y . Also, |S¯| > 6(g¯− 1) holds. Hence, the preceding case applies to
Y whence the assertion follows for X .
5.4. Case S = Sz(n). In this case, n = 2n20, n0 = 2
r, r ≥ 1, and
|S| = (n2 + 1)n2(n− 1), |SP | = n
2(n− 1), |S
(1)
P | = n
2.
Also, by Lemma 5.3, if (2) holds then X1 is rational. From Lemmas 2.2
and 5.4, there is an odd integer t such that either (A) or (B) holds, where
(A) 2g = (t− 1)(n2 − 1)− 2tn0(n− 1), |SQ| = (n + 2n0 + 1)/t;
(B) 2g = (t− 1)(n2 − 1) + 2tn0(n− 1), |SQ| = (n− 2n0 + 1)/t.
In case (B), if t = 1 then (III) holds.
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6. Non-solvable K–automorphism groups of p–rank zero
curves
Theorem 6.1. Let X be a zero 2-rank algebraic curve of genus g ≥
2 defined over an algebraically closed groundfield K of characteristic 2.
If Aut(X ) is non-solvable then its commutator group Aut(X )′ coincides
with S and hence is one of the groups in (1).
Proof. Since groups of odd order, as well as subgroups of Aut(X ) fixing a
point of X , are solvable, case (a) in Theorem 1.1 holds. In particular, S
is a perfect group, that is, S coincides with its commutator group. Then
S is a subgroup of the commutator subgroup Aut(X )′ of Aut(X ).
On the other hand, since S is a normal subgroup of Aut(X ), the fac-
tor group Aut(X )/S can be viewed as a K-automorphism group of the
quotient curve Z = X /S. For a point P in Ω, let P¯ be the point of Z
lying under P . Since Ω an S-orbit on X , the set of points lying over
P¯ coincides with Ω. As Ω is also an Aut(X )-orbit, this implies that
the factor group Aut(X )/S fixes P¯ . Furthermore, Aut(X )/S is tame
as Aut(X )/S has odd order. Hence, Aut(X )/S is cyclic. Therefore, S
contains Aut(X )′. 
For a non-solvable group Aut(X ), the following theorem describes the
structure of Aut(X ) in terms of Aut(X )′ and the kernel N of the permu-
tation representation of Aut(X ) on Ω.
Theorem 6.2. Let X be a zero 2-rank algebraic curve of genus g ≥ 2
defined over an algebraically closed groundfield K of characteristic 2. If
Aut(X ) is non-solvable then Aut(X )′ = S and one of the following cases
occur for a cyclic group of odd order N :
(i) Aut(X )′ = PSL(2, n) and Aut(X ) = PSL(2, n)×N ;
(ii) Aut(X )′ = Sz(n) and Aut(X ) = Sz(n)×N ;
(iii) Aut(X )′ = PSU(3, n) and either
(iii)(a) Aut(X )/N = PSU(3, n) and Aut(X ) = PSU(3, n)×N , or
(iii)(b) Aut(X )/N = PGU(3, n) and PSU(3, n)×N is a subgroup of
index 3 of Aut(X ).
(iv) Aut(X )′ = SU(3, n) and either
(iv)(a) Aut(X )/N = PSU(3, n) and Aut(X ) = SU(3, n)N , or
(iv)(b) Aut(X )/N = PGU(3, n) and SU(3, n)N is a subgroup of in-
dex 3 of Aut(X );
where n ≥ 4 is a power of 2.
Proof. Consider the quotient curve Z = X /N where N is the subgroup
of Aut(X ) fixing Ω pointwise. Then Aut(X )/N can be viewed as an au-
tomorphism group of the quotient curve X /N . From Lemma 2.1 applied
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to L = SN/N , it follows that
Aut(X )/N ∼=


PSL(2, n),
PSU(3, n),
PGU(3, n), gcd(3, n+ 1) = 3,
Sz(n).
Furthermore,
SN/N ∼=


PSL(2, n),
PSU(3, n),
Sz(n).
From the third isomorphism theorem,
Aut(X )/SN ∼= (Aut(X)/N)/(SN/N).
This implies that either Aut(X ) = SN or Aut(X )/N ∼= PGU(3, n) and
SN/N ∼= PSU(3, n) with gcd(3, n + 1) = 3. Note that S and N have
non-trivial intersection only for S = SU(3, n) when |S ∩N | = 3. Hence,
if Aut(X ) = SN holds, then one of the cases (i), (ii), (iiia), (iva) occurs.
Furthermore, if Aut(X )/N ∼= PGU(3, n) then SN has index 3 in Aut(X ),
and either (iiib) or (ivb) holds. 
Finally, Theorem 1.2 is a consequence of Theorems 5.1, 6.1 and 6.2
together with the following lemma.
Lemma 6.3. Assume that |Aut(X )| > 24g2. If Aut(X ) is non-solvable,
then both conditions (2) and (3) are satisfied.
Proof. Take a point P ∈ Ω, and assume on the contrary that (2) does not
hold. Since |Aut(X )P | is even, this only occurs when |Aut(X )P | ≤ 3g.
Then clearly |S
(1)
P | ≤ 3g holds. This and |Ω| = |S
(1)
P | + 1 imply that
|Ω| ≤ (3g + 1). Therefore,
|Aut(X )| = |Aut(X )P | |Ω| ≤ 3g(3g + 1),
a contradiction with Aut(X )| ≥ 24g2.
To prove that (3) holds, note that by Theorem 6.2
(20) |S| ≥
|Aut(X )|
3|N |
>
8g2
|N |
,
with N a cyclic group of odd order fixing |Ω| = |S
(1)
P | + 1 ≥ 3 points of
X . Then, by (5),
2g − 2 ≥ −2|N |+ |Ω|(|N | − 1) ≥ (|N | − 1)(|Ω| − 2)− 2.
Since |N | ≥ 3 and |Ω| ≥ 5, this yields that 2g ≥ 2
3
|N |(|Ω| − 2) ≥ 2|N |.
From this and (20), we obtain that |S| > 8g > 6(g − 1). 
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7. Some examples
As pointed out in Introduction, each case in Theorem 1.1 (a) occurs,
examples being the four curves (I)-(IV). To complete the discussion after
Theorem 1.1, we exhibit further examples for (i) and for the first case in
both (ii) and (iv). As far as we know, no more examples exist.
In case (i), Stichtenoth’s result, see [31], Satz 7, determines all exam-
ples of curves X with an absolutely irreducible plane model C
(21) v(A(Y ) +B(X)),
where
(I) deg C ≥ 4;
(II) A(Y ) = anY
2n + an−1Y
2n−1 + . . .+ a0Y, aj ∈ K, a0, an 6= 0;
(III) B(X) = bmX
m + bm−1X
m−1 + . . .+ b1X + b0, bj ∈ K, bm 6= 0;
(IV) m is odd;
(V) n ≥ 1, m ≥ 3.
Such a curve X has genus g = 1
2
(m−1)(pn−1), and Stichtenoth’s result
for p = 2 is as follows.
Proposition 7.1. If C is a curve of type (21), then Aut(X ) fixes a point,
except in the following two cases:
(i) (a) C = v(Y 2
n
+ Y +Xm), with m < 2n, 2n ≡ −1 (mod m);
(b) Aut(X ) contains a cyclic subgroup Cm of order m such that
Aut(X ) ∼= PSL(2, 2n)× Cm.
(ii) (a) X = C = v(Y 2
n
+ Y +X2
n+1), the Hermitian curve;
(b) Aut(X ) ∼= PGU(3, 2n).
Proposition 7.2. Let 3|(n + 1). For every divisor t of (n2 − n + 1)/3,
the non-singular model of the plane curve
(22) v(Y (n
2−n+1)/t −Xn
3
−X + (Xn +X)n
2−n+1)
of genus g = 1
2
(n− 1)(3t(n+ 1)2 − (n2 + n+ 1)) has a K-automorphism
group isomorphic to SU(3, n). Furthermore, the non-singular model of
the plane curve
(23) v(Y (n
2−n+1)/(3t) −Xn
3
−X + (Xn +X)n
2−n+1)
of genus g = 1
2
(n− 1)(t(n + 1)2 − (n2 + n + 1)) has a K-automorphism
group isomorphic to PSU(3, n).
Proof. To show the first part, let Y be a non-singular model of the curve
(22). Note that Y can be regarded as the quotient curve of the curve X
given in (IV) with respect to the subgroup H of Aut(X ) generated by
the automorphism of equation x′ = x, y′ = λy where λ ∈ K is a primitive
t-root of unity. The fixed points of the non-trivial automorphisms in H
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are the n3 + 1 points of X arising from the n3 + 1 branches of the plane
curve (22) centred at points on the X-axis. Since t is odd and X has
genus 1
2
(n3+1)(n2−2), from (5) g = 1
2
(n−1)(3t(n+1)2− (n2+n+1))
follows. The normalizer of H in Aut(X ) contains a subgroup isomorphic
to SU(3, n) with intersects H trivially. This completes the proof of the
first part.
To show the second part, let Z be a a non-singular model of the curve
(23). This time, Z is regarded as the quotient curve of the curve Y with
respect to the subgroup H of Aut(Y) generated by the automorphism
of equation x′ = x, y′ = ǫy where ǫ ∈ K is a primitive third root of
unity. As before, the fixed points of the non-trivial automorphisms in
H are the n3 + 1 points of Y arising from the n3 + 1 branches of the
plane curve (22) centred at points on the X-axis. From (5) applied to
Y and G, we get g = 1
2
(n − 1)(t(n + 1)2 − (n2 + n + 1)). The cen-
tralizer of H in Aut(Y) is a subgroup T isomorphic to SU(3, n). Since
SU(3, n)/Z(SU(3, n)) ∼= PSU(3, n), this shows that Aut(Z) has a sub-
group isomorphic to PSU(3, n). 
Proposition 7.3. Let 3|(n − 1). For every divisor t of n2 − n + 1, the
non-singular model X of the plane curve
(24) v(Y (n
2−n+1)/t −Xn
3
−X + (Xn +X)n
2−n+1)
of genus g = 1
2
(n− 1)(3t(n+ 1)2 − (n2 + n+ 1)) has a K-automorphism
group isomorphic to PSU(3, n).
Proof. For 3|(n − 1), SU(3, n) = PSU(3, n) holds, and the proof can be
carried out following the first part in the proof of Proposition 7.2. 
Our final remark is that the curves discussed in the last two proposi-
tions are investigated in [4].
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